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Abstract 

In high energy physics, the Inminosity is one useful value to characterize the performance 
of a particle collider. To gain more available data, we need to maximize the luminosity in 
most collider experiments. With the discussions of tune shift involved the beam dynamics 
and a recently proposed “crabbed waist” scheme of beam-beam collisions, we present some 
qualitative analysis to increase the luminosity. In addition, beam-beam tune shifts and 
luminosities of e+e“, pp/pp, and colliders are discussed. 


1 Introduction 


1.1 Luminosity 

In high energy physics, the beam energy and the luminosity are usually the two most 
important parameters that quantify the performance of particle colliders. The former one 
is necessary to provide available energy for production of new effects, i.e., a new massive 
particle; while the latter one measures the ability of a particle accelerator to produce the 
required number of interactions, which is especially important when there are only rare 
events with a small production cross section a (the total area of overlap of two colliding 
particles). 

The particle accelerators cannot produce continuous particle beams but beams consisting 
of a sequence of “bunches” of particles because of the time varying helds used to produce 
acceleration. Therefore, it is two such beam bunches that are brought into collision in fact. 
Suppose one bunch of Ni particles moving in one direction collides head-on with a bunch of 
N2 particles in the opposite direction. Both of them have cross-sectional area A. As shown in 
Fig.ig any single particle in one bunch (W) has a chance of a fraction of the area N2(Jint/A 
to “meet” a particle in the other bunch (A"2). The number of interactions per passage of two 
such bunches is then NiN2<Jint/ Hence, the interaction rate is given by 
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Figure 1: Collision of a single test particle from one beam with a particle bunch of the other 
beam pQ 


where f is the frequency of bunch collisions. 

The luminosity, .if, is dehned as the interaction rate per unite cross section: 

(7int A 

For a “Round Gaussian” particle distribution, the luminosity can be written as 
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where (Jx and ay characterize the Gaussian transverse beam prohles in the horizontal (bend) 
and vertical directions and present the sizes of the beam. Luminosities are often expressed 
in cgs units: A glance at the luminosity formula reveals that to raise luminosity 

one must increase the collision frequency, bunch intensity and lower the beam cross sectional 
area. 


1.2 The Beam-Beam Tune Shift 

The number of betatron oscillations (bounded oscillatory motion about the design tra¬ 
jectory corresponding to the transverse stability) per turn in a synchrotron is called tune 
and given by [2]. 


1 f ds 
2vr J /3(s)’ 


( 4 ) 


where the independent variable s is path length along the design trajectory and the quantity 
/3{s) is usually referred to as the amplitude function. In a colliding beam accelerator, each 
time the beams cross each other, the particles in one beam feel the electric and magnetic 
forces due to the particles in the other beam. Since the particles in these two beams have 
opposite velocity directions, the electric and magnetic forces do not cancel but rather add, 
creating a net defocussing force. In other words, the particles of one bunch see the other 
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Figure 2: Scheme of Collision with a Crossing Angle 


bunch as a nonlinear lens in a bunch-bunch collision. For particles undergoing inhnitesimal 
betatron oscillations in a highly relativistic Gaussian beam, the net force would be 

e^N 

r = - r 

27reoO'^ ’ 

where N is the number of particles of each bunch (A^i = N 2 = N), r is the radius of the 
accelerating orbit, and = axCy {ax and ay are the horizontal and vertical beam sizes). 
The tune shift experienced by the particle would be 
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Here, ro = e^/(dvreomc^) is the classical radius of the particle. For the proton, Vp = tq = 
1.53 X 10“^® meters; for the muon = Tq = 1.36 x 10“^^ meters; and for the electron, 
Te = tq = 2.82 X 10“^® meters, = 7ia^{'jf3)/f3{s) = 7r(7/?)y/e^ is the normalized 

emittance (e^ and ey are the horizontal and vertical emittance). The dehnition of cat may 
be different by a factor of “vr” [3]. In terms of the total number of particles in a bunch, N, 
the beam-beam tune shift per collision becomes [2] 


Az/ = e 


Nrp 

dCAT 
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1.3 The “Crab Waist” Scheme 

A recently proposed “crabbed waist” scheme of beam-beam collisions |1] can substantially 
increase the luminosity of a collider since it combines several potentially advantageous ideas. 
To discuss such potential advantages, let’s try to describe the crabbed waist concept hrst. 

In Fig. the crossing angle 29 (the left graph) and the overlapping area (the right graph) 
are shown. For collisions under a crossing angle 26, the luminosity the horizontal ^x and 
vertical ^y tune shift scale as [315] 
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Figure 3: The “Crabbed Waist” Collision Scheme |5] 

Here, (j) is the Piwinski angle, dehned as 

0 = —tan 6*!^—6*, (9) 

where are the bunch beam sizes, 0* is the vertical beta-function at the interaction point 
(IP), is the vertical beam-beam tune shift, and ex is the horizontal betatron emittance, as 
shown in Fig. The “crabbed waist” collision means that the crossing angle 29 3> Oxlc^z-, 
in contrast, the “head-on” collision means that 29 <C (Jxl^yz- 

High luminosity requires short bunches with a very small vertical beta-function 0* at the 
IP and a high beam intensity / with small vertical emittance ey. Large horizontal beam size 
Gx (see Fig. § and large horizontal emittance tx can be tolerated. Though short bunches 
are usually hard to make, with large Piwinski angle 0 the overlapping area becomes much 
smaller than cx^, allowing signihcant 0^ decrease and a very signihcant potential gain in the 
luminosity [5]. The large Piwinski angle increases luminosity by allowing a small 0*, but 
decreases the luminosity by effectively decreasing iV. However, the beam-beam tune shift is 
now small and a large gain in luminosity may be possible by raising the beam-beam tune 
shift to its limit. 


2 Electron-Positron Collider 

Due to the synchrotron radiation, the energy loss by one electron in a circular orbit is 

8.85xW-^E\GeV) 

Rymeter) 

Because an electron has a small mass, the transverse beam size is naturally damped by 
the synchrotron radiation. Electron-positron colliders are typically synchrotron wall power 
limited, so more particles cannot be added. One can take advantage of the crab waist crossing 
by lowering emittance. 


( 10 ) 


2.1 “Head-on” Collision 

In head-on collisions, the vertical beam-beam tune shift is 
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Also, the horizontal beam-beam tune shift is given by 
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For “round beam cross sections”, i.e., ax ~ ay, using the definition of normalized emittance 
Cat = TTa‘^{'yv/c)/P*, at a relativistic high energy (n —>■ c) we will have 




y 


NVe 

ieN 


(13) 


For “elliptical beam cross sections”, i.e., ax 7 ^ ay, with the assumption that the elliptical 

beams have the same cross sectional area and charge density as the round beams [9], we 

2 2 

have a^ = axay and the normalized emittance where ex = ^ and ey = 

The Eq. ([ll|) of vertical beam-beam tune shift then becomes 
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As the same, the horizontal beam-beam tune shift becomes 
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For the beam cross sections ay ax, C. 
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, we will have 
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The luminosity then can be written as 
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As an example, let’s consider the LEP collider with energy E = 97.8 GeV per beam. 
The corresponding parameters are given in Table [Tj Therefore, the normalized emittance is 


97.8 X 10^ , -^^ o 

= tt X - V 2 I.I X 10-9 X 0.22 x IQ-^ = 1.295 x 10“^ 

0.511 


(18) 
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Table 1: LEP Beam Parameters at Three Different Energies [lO] 


E 

(GeU) 

N 

(xlOii) 

h 

(cm-ifi-^) 

Qs 

Q 

P* 

(m) 

6 

(nm) 

a 

{fim) 


45.6 

1.18 

8 

1.51 X lO^i 

0.065 

90.31 

2.0 

19.3 

197 

0.030 






76.17 

0.05 

0.23 

3.4 

0.044 

65 

2.20 

4 

2.11 X lO^i 

0.076 

90.26 

2.5 

24.3 

247 

0.029 






76.17 

0.05 

0.16 

2.8 

0.051 

97.8 

4.01 

4 

9.73 X lO^i 

0.116 

98.34 

1.5 

21.1 

178 

0.043 






96.18 

0.05 

0.22 

3.3 

0.079 


The beam-beam tune shift is 

NVe 


4 = 


267V' /^ 

y y 
4.01 X 10^1 X 2.82 X 10 
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X 


2 X 1.295 * 10 ^ /j^ I / 0.22 

Y 0.05 Y 21.2 

^ 0.078 (19) 

For a specific electron-positron bunch collision, the luminosity ^ can be given by 

1 e. 


^ = 


:7/, 


( 20 ) 


4ere f3* 

where = e^/( 47 reomc^) = 2.82 x 10 “^® m is the classical radius of the electron, 7 is the 
relativistic scaling factor and I = 2feN is the total beam current of both beams. Let’s 
consider the luminosity of a Very Large Lepton Collider (VLLC) proposed in 2002. Using 
Eq. (20) and the parameters proposed in Table we can get 

1 0.18 

■^VLLC - 


4 * 1.602 X 10-19(7 * 2.82 x lO-i^m 1cm 
s 


X 391000 X 22.8mA 


= 8.8 X 10^3 cm“2"“^ 


( 21 ) 


2.2 “Crab Waist” Collision 


In the “crabbed waist” scheme [13], the vertical beam-beam tune shift is (a factor of 1/2 
comes from the definition of crossing angle 29) 


e. = 
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( 22 ) 


For the “crabbed waist” collision, /3* <Jx/9. Therefore, Eq. (22) can be rewritten as 

Nre PI NVe (Tx NVe 




-~-cx - — . 

2 'K'yayazO 2eN Px^^zO 2eN\/l + 


(23) 


6 






















Table 2: e’''e Collider Parameters m 


Parameter 

LEP 

VLLC 

CrahW aist 2 Qo 

CrabWaist25o 

Circumference (m) 

26 658.9 

233 000.0 

233 000.0 

233 000.0 

I3*y (cm) 

150, 5 

100, 1 

2, .06 

2, .06 

Luminosity sec~^) 

9.73 X lO^i 

8.8 X 10^3 

1.5x 1035 

9.7x 1034 

Energy (GeV) 

97.8 

200.0 

200.0 

250.0 

7 

191 000 

391 000 

391 000 

489 000 

Emittances Cx, Cy (nm) 

21.1, 0.220 

3.09, 0.031 

.9, .0017 

.9, .00067 

rms beam size IP a*, a* (/rm) 

178.0, 3.30 

55.63, 0.56 

4.25, 0.0321 

4.25, 0.0201 

Bunch intensity/I (/mA) 

4.01x1011 

0.720 

4.85x1011 

0.1 

4.85x1011 

0.1 

4.85x1011 

0.04 

Number of bunches per beam 

4 

114 

114 

46 

Total beam current (mA) 

5.76 

22.8 

22.8 

9.34 

Beam-beam tune shift ^x, 

0.043, 0.079 

0.18, 0.18 

0.034, 0.18 

0.027, 0.23 

Dipole held (T) 

0.110 

0.0208 

0.0208 

0.0260 

E loss ! ! turn (GeV) 

2.67 

4.42 

4.42 

10.8 

Bunch length (mm) 

11.0 

6.67 

6.67 

6.67 

Revolution frequency (kHz) 

11.245 

1.287 

1.287 

1.287 

Synch rad pwr (b.b.) (MW) 

14.5 

100.7 

100.7 

100.7 


Comparing with Eq. (16), we already see that the signihcant decrease of with large 
Piwinski angle. In the “crabbed waist” scheme, the luminosity can be enhanced by a factor 
of (Tz/(3* as we can make (3* az- 

The luminosity in “crabbed waist” collisions is given by 


^ = 


/iViiVa fNaL 


ATraya^O 


ATTO'xO'yCTz 


2re/3* 


(24) 


Note, Eq. (24) agrees with Eq. (10) in Ref. [H] as ay -C a^. Now, for the energy of 200 GeV 
electron-positron collider, putting the parameters in Table we can get 

22.SmA/2 x 391000 x 0.18 


=2^ = 


2 X 2.82 X 1015 m X 1.602 x lO-i^C 


= 1.5 X 10^^ cm 


(25) 


By comparing the result from the “crabbed waist” collision and that from “head-on” 
collision, we already see these advantages of the “crabbed waist” scheme. However, beam- 
strahlung u\m- puts an additional condition on the value of NKa^az), and thus on the 
luminosity of high energy e’''e“ colliders. It turns out that the “crabbed waist” scheme is 
of marginal beneht for a 240 GeV Higgs factory circular collider where e’''e“ —?• Z^h^. The 
scheme is useful at the |T5], where one might search for rare —>■ or Z^ —)■ r^/i^ 

decays [16] . 


2.3 SuperKEKB in Japan 

Belle H will have 40x the luminosity of Belle or BaBar with only a factor of 2.2 in¬ 
crease in beam currents, as compared to Belle DU. The Low Energy Ring/High Energy 
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Ring (LER/HER) energy asymmetry reduction from 3.5/8.0 to 4.0/7.0 GeV minimizes the 
synchrotron radiation from the larger currents. Synchrotron radiation goes as beam current 
times the fourth power of energy, so the High Energy Ring only emits (7/8)^ = 0.59x as much 
radiation per unit of beam current in Belle II as in Belle. Luminosity, ^^ is proportional to 
the beam current, /, times the vertical beam-beam tune shift, divided by /?*, the vertical 
amplitude function at the Interaction Point. The maximum allowable is set by how much 
the beams can be disturbed as they pass through each other. 




1 iy 
AeVePl 


yj 


( 20 ) 


Belle II introduces a large 41.5 mrad Piwinski e+e“ beam crossing half angle (j) to allow 
a small f3* while avoiding the hourglass effect which lowers luminosity. The (3* is reduced by 
a factor of 17.4 from 5.9 mm at KERB to an average of 0.34 mm at SuperKEKB. The beam 
overlap length is much shorter than the beam bunch length which is hard to shorten. 
Of course, introducing a large crossing angle and small (3* lowers the beam-beam tune shift 
~ re N(3*/[27r 'y ay az (j)]) and hence the luminosity. But the luminosity can be restored 
by reducing the vertical size, ay, of bunches, i.e. by using nanobeams to increase the 

vertical tune shift to as high a value as the storage rings will tolerate. If 2or 2 or 
(z/a, -t- Uz) is integral, where and z/^ are the horizontal and vertical betatron oscillation 
frequencies per revolution, resonances will occur. Shifting a tune toward a resonance must 
be avoided. The precision damping rings recently developed in the International Linear 
Collider R&D program have made nanobeams possible. 


3 Proton-Proton Collider 

For colliders, the transverse beam size is naturally damped by synchrotron radiation. 
However, hadrons colliders cannot enjoy fast damping due to the synchrotron radiation, 
at least for energies less than 10 TeV. Hence for the quest for high luminosity (smaller 
beam emittances) of pp or pp colliders, we may either generate low emittance beams in the 
sources or arrange beam “cooling” (phase space reduction, usually at low or medium energy 
accelerators in the injector chain), using either “stochastic cooling” or “electron cooling” 
methods [18] . 

For “round beam cross sections”, the beam-beam tune shift per collision can be calculated 
by using Eq. ([^. For example, consider the shift for the Tevatron collider [12]. The typical 
numbers are Np = 2.5 x 10^^, = 2.87rmm mrad = dvr x 10“® m and for the proton, 

Vp = 1.53 X 10“^® meters. We have 




NpVp 

4eAr,p 


2.5 X 10^^ X 1.53 X 10-1® m 
4 X 2.8 TT X 10“® m 


0.011 per IP 


(26) 


For hadron colliders it is difficult to lower the emittance to raise the tune shift, but the 
number of hadrons per bunch might be raised even if this requires lowering the number of 
bunches [20l |2T] . The shorter collision region may lead to vertex reconstruction pileup. 






4 Muon-Muon Collider 


The fi^iJi~ collider is attractive because the muon is a point-like particle, just like the 
electron but 200 times heavier |22l [23] • Therefore, the beamstrahlung and synchrotron ra¬ 
diation are not important uless energy is extremely high. However, short lifetime of muons 
(around 2.2/rs in the rest frame) makes a muon collider challenging technologically. Indeed, 
there are still many challenges to increase the luminosity, e.g., emittance reduction [ 23 |, and 
targeting. We need also consider neutrino radiation |25j . 

Nevertheless, it is still possible to combine design ideas of and pp/pp colliders and 
take their advantages. If the “crabbed waist” scheme allows 3x more muons per bunch, the 
luminosity increase 9x. This assumes that the muons are available. 

For a “round beam” muon-muon collider, the tune shift can be given by Eq. ([^. As an 
example, let’s consider the muon-muon collider parameters in Table The tune shift is 




y 


NVf, 

ieN 


2 X 10^2 X 2.82 X IQ-i® X 
4 X 257r X 10-6 


0.511 

105.658 


0.087. 


(27) 


Table 3: Muon Collider Parameters m 


E (TeV) 

1.5 

3 

luminosity ^ (10^"^ cm~‘^s~^) 

0.92 

3.4 

beam-beam Tune Shift 

^ 0.087 

^ 0.087 

number of particles per bunch N (10^^) 

2 

2 

muon transverse emittance {Timm mrad) 

25 

25 


5 Conclusion 

In this work, we discussed the potential advantages of the “crabbed waist” scheme of beam- 
beam collisions to increase the luminosity. Some qualitative analyses are present. For e’''e“ 
colliders, the “crabbed waist” scheme is possible to gain luminosity due to the signihcant 
decrease of (3* (with constant achieved by lower emittance) at low energy level. For 
pp/pp and colliders, the way to exploit the “crabbed waist” to increase the luminosity 

requires higher beam intensity, i.e., increasing the number of particles of each bunch. At high 
energy level (above the mass), the “crabbed waist” scheme would be of marginal beneht 
because of the beamstrahlung for colliders. Also, we should notice that though small 
beam sizes would bring possible high luminosity, operation of the colliders with smaller and 
smaller beams would also bring up many issues relevant to alignment of magnets, vibrations 
and long-term tunnel stability, which should be dealt with seriously. The expression of the 
beam-beam tune shift of colliders is different from that of pp/pp and colliders by 

a factor 1/2 because of the beam is flat. 
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